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Abstract. Using Morse-theoretic techniques, we show that the moduh space of 
U* (2n)-Higgs bundles over a compact Riemann surface is connected. 



1. Introduction 

Let X be a compact Riemann surface of genus g ^ 2, and let A^g be the moduh space 
of polystable G-Higgs bundles over X, where G is a real reductive Lie group. G-Higgs 
bundles for G = GL(m,C) were introduced by Hitchin in [T7j. In this case a G-Higgs 
bundle is a pair (V, consisting of a holomorphic bundle V over X and a holomorphic 
section ip of the bundle End V twisted with the canonical bundle of X. In this paper we 
study the moduli space A^u*{2n)5 where U*(2n) is the subgroup of GL(2n, C) consisting 

of matrices M verifying that MJ„ = J„M where Jn = \ ^ ) . This group is 

\-In 0/ 

the non-compact dual of l]{2n) in the sense that the non-compact symmetric space 
U*(2n)/Sp(2n) is the dual of the compact symmetric space U(2n)/Sp(2n) in Cartan's 
classification of symmetric spaces (cf. [16j). 

The complex general linear group GL(m, C) has as real forms the groups U(p, q), with 
p + q = m (including the compact real form U(m)), the split real form GL(m, M) and, 
when m = 2n also \J*{2n). In a similar fashion as the images in A^GL(m,c) of the moduli 
spaces A^u(p,g) with p + q = m appear as fixed point subvarieties of J^GL{m,c) under 
the involution (V, ip) i— )■ (V, —ip), the image of the moduli space A^u*(2n) in -A^GL(m,c) is 
a fixed point subvariety of A^GL(2n,c) under the involution (y,ip) H- (y*,ip^), together 
with A^GL(2n,R) (sce [9j and [H]). The number of connected components of A^u(p,g) were 
determined in [IJ and the ones of A^GL(m,iR) in [2] and [IH]. The real form U*(2n) was 
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therefore the remaining one for which the number of connected components was still to 
be determined. In this paper we prove the following. 

Theorem. The moduli space Aiu*[2n) of \J*{2n)-Higgs bundles over X is connected. 

We adopt the Morse-theoretic approach pioneered by Hitchin in JT], and which has 
already been applied for several other groups (see, for example, [HI [15], [H [2], [131 [3l [TT]). 
to reduce our problem to the study of connectedness of certain subvarieties of A^u*(2n)- 
For that, we obtain first a detailed description of smooth points of the moduli space 
•M.\j*(2n), then we give also an explicit description of stable and non-simple U* (2n)-Higgs 
bundles, and show how the polystable U* (2n)-Higgs bundles split as a direct sum of 
stable objects. 

Non-abelian Hodge theory on X establishes a homeomorphism between Aic and the 
moduli space of reductive representations of niX in G (cf. |T71 [291 1301 HI [3 [lOl IS]). A 
direct consequence of our result is thus the following. 

Theorem. The moduli space of reductive representations of^iX in U*{2n) is connected. 

The connectedness of A^u*(2n) reflects the fact that U*{2n) is simply-connected. It 
seems plausible that, like for A^u*(2n)5 A^g is connected whenever G is a real reductive 
Lie group with ttiG = 0. When G is complex this has been proved by Hitchin [17j for 
SL(2,C) and by Simpson [29] for SL(n, C). For general complex G, the result follows 
from a theorem by Li [20j, showing the analogous result for the moduli space of fiat 
G-connections, and the non-abelian Hodge theory correspondence. As far as we know, 
there is no proof in general using Higgs bundle techniques. 



Let X be a compact Riemann of genus g ^ 2, and let G a real reductive Lie group. 
Let H C G he a maximal compact subgroup and H'^ C G^ their complexifications. Let 



be a Cartan decomposition of g, where m is the complement of 1) with respect to the 
non-degenerate Ad(G)-invariant bilinear form on g. If ^ : g — )■ g is the corresponding 
Cartan involution then i) and m are its +l-eigenspace and — 1-eigenspace, respectively. 
Complexifying, we have the decomposition 

and is a representation of H'^ through the so-called isotropy representation 



which is induced by the adjoint representation of G on g^. If E^c is a principal H- 
bundle over X, we denote by Ejjc{m^) = E^c x^c m*^ the vector bundle, with fiber m''^, 
associated to the isotropy representation. 

Let K = T*X^'^ be the canonical line bundle of X. 

Definition 2.1. Let X be a compact Riemann surface of genus g ^ 2. A G-Higgs 
bundle over X is a pair {Ejfc, (p) where Ejjc is a principal holomorphic H'^ -bundle over 
X and if is a global holomorphic section of E^ciyif') ® K, called the Higgs field. 



2. U*(2?2)-HlGGS BUNDLES 



g = f) © m 



(2.1) 
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Higgs bundles were introduced by Hitchin llTj on compact Riemann surfaces and by 
Simpson [30] on any compact Kahler manifold. 

Example 2.2. 

(i) If G is compact, a G-Higgs bundle is simply a liolomorpliic (^''-'-principal bundle. 
For instance, a U(n)-Higgs bundle is simply a holomorphic GL(n, C)-principal 
bundle over X or, in terms of holomorphic vector bundles, a U(n)-Higgs bundle 
is a rank n holomorphic vector bundle. 

(ii) If G is complex with maximal compact H, we have that H'^ = G and m = 



SO m*^ = g. Thus a G-Higgs bundle is a pair (Ecip) where Eg is 
a holomorphic G-bundle and ip G H^{Eg{q) K) where Eg{q) denotes the 
adjoint bundle of Eg, obtained from Eg under the adjoint action of G on g: 
Eg{q) = Eg g- As an example, a GL(m, C)-IIiggs bundle is, in terms of 
vector bundles, a pair {V, if) with V a holomorphic rank m vector bundle and 
<f G H%End{V)^K). 

Let us now consider the case of the real Lie group U*(2n). A possible way to realize 
the group U*(2n) as a matrix group is as the subgroup of GL(2n, C) defined as 



From this definition, it is obvious that U*(2n) is the real form of GL(2ra, C) given by 
the fixed point set of the involution a : GL(2n, C) GL(2ra, C), a{M) = J'^MJn. 

Remark 2.3. U*(2n) is also the group of quaternionic linear automorphisms of an n- 
dimensional vector space over the ring H of quaternions, and therefore \J*{2n) is also 
denoted by GL(n,H). 

A maximal compact subgroup of l]*{2n) is the compact symplectic group Sp(2n) (or, 
equivalently, the group of n x n quaternionic unitary matrices), whose complexification 
is Sp(2n, C), the complex symplectic group. 

The corresponding Cartan decomposition of the complex Lie algebras is 



where xvf = {A e g[(2n,C) | v4*J„ = J„v4}. Hence: 

Definition 2.4. A \J*{2n)-Higgs bundle over X is a pair {E, ip), where E is a holomor- 
phic Sp(2n, C) -principal bundle and the Higgs field (f is a global holomorphic section of 
E xsp(2n,c) ruf^K. 

Now, if W is the standard 2n-dimensional complex representation of Sp(2?2, C) and 
Q denotes the standard symplectic form on W, then the isotropy representation space 
is 




U*(2n) = {M G GL(2r2,C) | MJ„ = J„M} , 



where 




g[(2n,C) =5p(2n,C) ©m'^. 



= = {e G End(W) | ni^-, ■) = ^■)} C End(W). 
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Given a symplectic vector bundle (W,fl), denote by Sf^W the bundle of endomor- 
phisms ^ of W which are symmetric with respect to Q i.e. such that ■, ■) = C, ■)• 
In the vector bundle language, we have hence the following: 

Definition 2.5. A U* (2?2)-Higgs bundle over X is a triple {W,Q,(p), where W is a 
holomorphic vector bundle of rank 2n, Q G H'^{A'^W*) is a symplectic form on W 
and the Higgs field ip G H^{SqW ® K) is a K-twisted endomorphism W ^ W <S) K , 
symmetric with respect to Q. 

Given the symplectic form Q, we have the usual skew-symmetric isomorphism 

oo-.W ^W* 

given by 

u{v) = Q{v, — ). 
It follows from the symmetry of (f with respect to Q that 

(2.2) {ip^ ®Ik)uj = (lo^Ik)^. 

Remark 2.6. Given a U*(2n)-IIiggs bundle {W,Q,(f), define the homomorphism 

(f-.W* — yW(^K 

by 

(2.3) (f = ipuj~^. 
It follows from ( 12. 2 p that <^ is skew-symmetric i.e. 

(p* ®Ik = -(p. 

In other words, 

(p G //^(A^iy OfsT). 

Hence, since u : W —> W* is an isomorphism, it is equivalent to think of a U*(2n)- 
Higgs bundle as a triple {W, fl, (p) with (p G H^{S'^W ® K) or as a triple {W, VL, (p) with 
(p G H^{K^W®K). 

Given a U* (2?2)-IIiggs bundle {W, fi, ip>), we must then have W = W*, thus 

deg(iy) = 0. 

In other words, the topological invariant of these objects given by the degree is always 
zero. This is of course consequence of the fact that the group U*(2n) is connected 
and simply-connected and that, for G connected, G-Higgs bundles are topologically 
classified (cf. |21]) by the elements of ttiG. 

Remark 2.7. Two G-Higgs bundles {Ejjc^ip) and {E'^c-,^') over X are isomorphic if 
there is an holomorphic isomorphism / : E^c — )■ E'^c such that (p' = /(v^), where 
f ®1k ■■ EHc{m'^) ® K E'^ciycf ) ® K is the map induced from / and from the 
isotropy representation — Aut(m'^). Hence, two U*(2n)-Higgs bundles (W,Q,p}) 
and {W, Q', p>') are isomorphic if there is an isomorphism f : W ^ W such that 
u! = f^oj'f and ip'f = (/ (X> ^k)'^, which is equivalent to (p' = {f ® li^-)*^/* where (p is 
given in ( 12. 3p . 
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3. Moduli spaces 

3.1. Stability conditions. Now we consider the moduh space of G-Higgs bundles, for 
which we need the notions of stability, semistability and polystability. 

In order to find these notions for U* (2n)-Higgs bundles, we briefly recall here the main 
definitions. The main reference is [TUj, where the general notion of (semi,poly)stability 
is deduced in detail and where several examples are studied. Let E^c be a principal 
if'^-bundle. Let A be a fundamental system of roots of the Lie algebra f)^. For every 
subset A C A there is a corresponding parabolic subgroup Pa C H"^. Let x ^ Pa — ^ C 
be an antidominant character of pA, the Lie algebra of Pa- Let a be a holomorphic 
section of Efjc{G/ Pa), that is, a reduction of the structure group of Ejjc to Pa, and 
denote by E^^ the corresponding P^-bundle. We define the degree of E^c with respect 
to a and x by 

degEHc{a,x) = degx*E^. 
When X lifts to a character — )■ C*, then the degree of Ejjc is written in terms of the 
degree of the line bundle obtained from E„ and from the character P4 — )■ C*. When x 
does not lift, the degree of Ejjc is also the degree of a certain line bundle obtained also 
from E„ and x- There is also an alternative definition of degree, in terms of Chern-Weil 
theory. The detailed definitions of degree can be found in Sections 2.3-2.6 of [10] . 

Let i : H'^ — )■ Aut(m''^) be the isotropy representation. We define 
= {v e : L{e^^^)v is bounded as t — )■ 00} 
m^^ = {v exvf : 6(e**'')f = v for every t}. 

Let (-, ■) be an invariant C-bilinear pairing on f)*^. 



Here is the general definition of semistability, given in [TOj . It depends on a parameter 
a G -\/— T[) n 3, where 3 is the center of f)*^. 

Definition 3.1. Let a G Ci^. A G-Higgs bundle {EHC,ip) is: 

• a-semistable if 

degEHc{a,x) - > 0, 

for any parabolic subgroup Pa of , any antidominant character x of Pa o-nd 
any reduction of structure group a of E^c to Pa such thatip G H^{E„{m~)^K) , 
where E„ is the corresponding PA-bundle. 

• a-stable if it is a-semistable, and 

<legEHc{a,x) - {a,x) > 0, 
for any Pa, x o^'^ as above such that G H^{Ef^{m^) ^ K), A ^ and 

x^(f)n3)*. 

• a-polystable if it is a-semistable, and for each Pa, cr and x «s above such that 

degEHc{a,x) - = 0, 

there exists a holomorphic reduction of the structure group, ai E H^{Ecr{PA/ La)) , 
of Ecr to the Levi subgroup La of Pa, such that ip G if°(i?o-i(m°) ® K), where 
Erjj^ is the corresponding LA-bundle. 
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3.1.1. GL(n, C)-Higgs bundles. Recall from Example 12.21 that a GL(n, C)-Higgs bundle 
is a pair {V,ip) where V is a rank n vector bundle and (f G if°(End(l^) (g) K). A 
subbundle V of V is said to be (f -invariant if (f{V') G V ^ K . 

The slope of a vector bundle V is defined by the quotient fiiV) = deg(y)/ rk(V), 
where rk(y) denotes the rank of V. 

It can be seen that, when applied to GL(n, C)-Higgs bundles, the (semi,poly)stability 
condition of Definition 13. H simplifies as follows: 

Proposition 3.2. A GL{n,C)-Higgs bundle iV,ip) is: 

• semistable if and only if fi{V') ^ P-{V) for every proper ip-invariant subbundle 

V C V. 

• stable if and only if ^iV') < ^liV) for every proper ip-invariant subbundle 

V C V. 

• polystable if and only if it is semistable and, for every proper ip-invariant sub- 
bundle V' C. V such that /i(V"') = fiiV), there is another proper ip-invariant 
subbundle V" C V such that ^{V") = fi{V) and V = V ® V" . 

Notice that, on the last item of the previous proposition, {y\ip\vi) and {y",ip\v") 
must also be polystable (this holds due to the Hitchin-Kobayashi correspondence be- 
tween polystable GL(n, C)-Higgs bundles and solutions to the GL(n, C)-Hitchin equa- 
tions; see [IZ]). So, an iteration procedure shows that a GL(ri, C)-Higgs bundle {y,ip) 
is polystable if and only ii V = Vi ® ■ ■ ■ ® Vk, where ipiVi) <zVi®K and (VJ,, ip\vi) are 
stable GL(rk(yi), C)-Higgs bundles with iiiVi) = fi{V) (cf. [22]). 

Remark 3.3. It can be seen that a GL(n, C)-Higgs bundle {V,ip) is a-semistable if 
and only if a = fi{V) and fiiV') ^ f^iV) for all proper subbundle V' C. V such that 
^{V) C V ^ K. So, the parameter is fixed by the topological type of the GL(?t,,C)- 
Higgs bundle. Hence, a = fi{V) is the value of the parameter which we are considering 
in the previous proposition. 

3.1.2. U*{2n)-Higgs bundles. Also the general definition of (semi, poly) stability for G- 
Higgs bundles given above, simplifies in the case G = U*(2n), as we shall now briefly 
explain. The main reference for this, and where this is done in detail for several groups, 
is again [TU]. In order to state the stability condition for U* (2n)-Higgs bundles, we first 
introduce some notation. 

For any filtration of vector bundles 

W={0 = WoZWiCW2C---CWk = W) 

satisfying Wk-j = W^" (here W^" denotes the orthogonal complement of Wj with 
respect to Q), define 

A(W) = {(Ai, Aa, . . . , Xk) e R'' \ Xi ^ Ai+i and Xk-i+i = -Xi for any i}. 
For each A = (Ai, A2, . . . , A^) G A(W) consider the subbundle of SqW ® K given by 
(3.1) N{}V, A) = S^W ®Kr]J2 ^om{Wi, Wj) ®K C S^W ® K 
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and let 



k-l 



(3.2) 



rf(>V,A) = ^(A,-A,+i)degl^,. 



According to [TO] the stability conditions for a U*(2ri)-Higgs bundle can now be stated 
as follows. 

Proposition 3.4. A \]*{2n)-Higgs bundle {W,Vt,ip) is: 

• semistable if and only if (i(W, A) ^ for every filtration W as above and any 
A e A(W) such that G H\N{W, A)). 

• stable if and only if it is semistable andd{yV, A) > for every choice of filtration 
W and any nonzero A G A(>V) such that ip G H°{N{W, A)). 

• polystable if and only if it is semistable and, for every filtration W as above 
and any A G A(>V) satisfying Aj < Aj+i for each i, such that ip G if°(A^(W, A)) 
and d{yV, A) = 0, there is an isomorphism 



Remark 3.5. The center of sp{2n,C) is trivial hence, in the case of G = U*(2n), the 
only possibility for the value of the parameter a of Definition 13.11 is a = 0. So this is 
the value of a that we are considering in the previous proposition. 

There is a simplification of the stability condition for U*(2n)-Higgs bundles analogous 
to the cases considered in [10]. Recall that a subbundle W of W is invariant if 
(fiW) CW'^K i.e. ^\w' e H%End{W') ® K). 

Proposition 3.6. A \J*{2n)-Higgs bundle {W,ri,Lp) is: 

• semistable if and only if deg W ^ for any isotropic and ip-invariant subbundle 



• stable if and only if it is semistable and deg W < for any isotropic and 
ip-invariant strict subbundle 7^ W C W . 

• polystable if and only if it is semistable and, for any isotropic (resp. coisotropic) 
and ip-invariant strict subbundle 7^ W C W such that degW = 0, there is 
another coisotropic (resp. isotropic) and ip-invariant subbundle 7^ W" C W 
such thatW ®W" . 

Proof. The proof follows mutatis mutandis the proof of Theorem 4.4 of [TO]. Take 
a U* (2n)-Higgs bundle {W,VL,ip), and assume that degW ^ for any isotropic, ip- 
invariant, subbundle W C W . We want to prove that {W, f2, ip) is semistable. Suppose 
that ip is nonzero, for otherwise the result follows from the usual characterization of 



W c^Wi® W2IW1 © ■ ■ ■ © Wk/Wk- 



such that 



VLiWilWi.i, WjlWj^i) = 0, unless i + j = k + 1. 
Furthermore, via this isomorphism. 




W C W. 
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(semi)stability for Sp(2n, C)-prmcipal bundles due to Ramanathan (see Remark 3.1 of 
Choose any filtration 

W = {0CWiCW2Z-- - CWk = W) 
satisfying Wk-j = W^" for any j, and consider the convex set 

(3.3) A(W, = {A G A(W) I ifi G H\N{W, A))} C M^ 
where N{W, A) is defined in fIXTD . 

Let 

(3.4) J={j\ viWj) C W, ^K} = {ji, . . . ,>}. 
One checks easily that if A = (Ai, . . . , A^) G A(>V) then 

(3.5) A G A(>V, (f) <^=^ \a = Afe for any ji <a ^ jj+i. 
We claim that the set of indices JT" is symmetric: 

(3.6) J ej ^k-j ej. 

Checking this is equivalent to prove that ^p{Wj) C Wj ® K implies that ip{W^^) C 
W^" ® K. Suppose that this is not true, so that for some j we have (p{Wj) C Wj K 
and there exists some w G W^" such that fiw) ^ W^" ® K. Then there exists v G Wj 
such that Q{v,(p{w)) ^ 0. However, since ^ is symmetric with respect to fi, we must 
have f2(f,v9(w)) = i7((y9(t;), w), and the latter vanishes because by assumption '-p^v) 
belongs to Wj. So we have reached a contradiction, and (13. 6p holds. 

Let = { j G JT" I 2j ^ /c} and, for each j G JT"', define the vector 

= - ^ + ^ Crf 

c^J d^k—j+1 

where ei, . . . , is the canonical basis of M*^. It follows from (13.51) and (13. 6p that A(>V, ip) 
is the positive span of the vectors {Lj \ j ^ J''}. Hence, 

(3.7) d(W, A) ^ for any A G A(W, ip) ^ d{W, Lj) ^ for any j G J'. 

Now, we compute d(yV,Lj) = — degWk-j — degWj. On the other hand, since Wk-j = 
W^", we have an exact sequence — )■ Wk-j W ^ W* — )■ (the projection is 
given by f t-)- Q{v, -)), so = deg W* = deg Wk-j + deg W*, hence deg Wk-j = deg Wj. 
Therefore d(yV, Lj) ^ is equivalent to deg Wj ^ 0, which holds by assumption, because 
Wj is 9?- invariant and isotropic for every j G J^'. Hence, from (13. 7p and Proposition 13. 4[ 
it follows that {W, Q, if) is semistable. 

The converse statement, namely, that if {W, Q, (p) is semistable then for any isotropic 
and (/3-invariant subbundle W' C we have deg W' ^ 0, is immediate by applying the 
stability condition of Proposition [3]1] to the filtration Q <zW' C W'^^ C W. 

The proof of the second statement on stability is very similar to the case of semista- 
bility, so we omit it. 

Let us now consider the statement on polystability. Let (VF, f2, ip) be a semistable 
U*(2n)-Higgs bundle such that, for any isotropic and (/^-invariant strict subbundle ^ 
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W C W such that degW = 0, there is another coisotropic and (^-invariant subbundle 
CW such that W = W ® W" . We want to prove that {W, Q, is polystable. 
Take any filtration 

W = {0CWiCW2C---CWk = W) 
satisfying Wk-j = W^^^^ for any j, and the convex set A(>V, ^p) defined in fl3.3p . Let 

(3.8) AgA(W,v?) 
satisfying 

(3.9) A, < A,+i 
for every j, and such that 

(3.10) ci(>V,A) = 0. 
From ( 13. 8p . (13. 9 p and ( 13. Sp . we conclude that 

J = {l,...,k} 

where JT" is given in (13. 4p . Therefore, every Wj in the filtration W is a (/^-invariant 
subbundle of W. Now, using the same arguments as in the proof of the semistability 
condition above, we conclude from ( I3.10p . that 

deg(W^,) = 0, 

for all i G JT"' = {1, . . . , [A;/2]}. Each of these Wi is a strict isotropic and y9-invariant 
subbundle of W. In particular this holds for Wi, so from our assumption, we know that 
W/Wi is a (y9-invariant coisotropic subbundle of W and W = Wi © W/Wi. The same is 
true for Wi with i G J'', hence 

W^Wi® W2/W1 © ■ ■ ■ © W/Wik/2]. 

For i E J' \ J'' , Wi is a. strict coisotropic and y9-invariant subbundle of W, so W/Wi is 
a (/^-invariant isotropic subbundle of W , and W = Wi® W/Wi. Thus 

W^Wi® W2/W1 © ■ ■ ■ © Wk^i/Wk-2 © W/Wk-1. 

Since Wk-j = P^/" it follows that 

n{Wi/W,.i, Wj/Wj^i) = 0, unless i + j = k + 1. 

Moreover, since every Wj is (/^-invariant and if is symmetric with respect to fl, it follows 
that, with respect to the above decomposition of W, 

V? e r End(iy,/iy,„i) © K 

^ i 

So, from Proposition 13. 4[ (W, fl, ip) is polystable. 

The converse statement is immediate by applying the stability condition of Proposi- 
tion the filtration C C W'^^ C if the yj-invariant subbundle W' CW with 
deg{W') = is isotropic, or to the filtration C W'-^^ C W' C W Hit is coisotropic. □ 
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In order to construct moduli spaces, we need to consider S'-equivalence classes of 
semistable G-Higgs bundles (cf. PZ]). For a stable G-Higgs bundle, its S'-equivalence 
class coincides with its isomorphism class and for a strictly semistable G-Higgs bundle, 
its S'-equivalence contains precisely one (up to isomorphism) representative which is 
polystable so this class can be thought as the isomorphism class of the unique polystable 
G-Higgs bundle which is S-equivalent to the given strictly semistable one. 

These moduli spaces have been constructed by Schmitt in [27], using methods of 
Geometric Invariant Theory, showing that they carry a natural structure of complex 
algebraic variety. 

Definition 3.7. Let X be a compact Riemann of genus g ^ 2. For a reductive Lie 
group G, the moduli space of G-Higgs bundles over X is the complex analytic variety 
of isomorphism classes of polystable G-Higgs bundles. We denote it by Aic - 

J^G = {Polystable G-Higgs bundles on X}/ ~ . 

For a fixed topological class c of G-Higgs bundles, denote by A^g'(c) the moduli space of 
G-Higgs bundles which belong to the class c. 

Remark 3.8. If G is an algebraic group then Aic has the structure of complex algebraic 
variety. 

3.2. Deformation theory of U*(2?2)-Higgs bundles. In this section, we briefly recall 
the deformation theory of G-Higgs bundles and, in particular, the identification of the 
tangent space of A^g at the smooth points. All these basic notions can be found in 
detail in [10]. 

The spaces l)'^ and m"' in the Cartan decomposition of g'^ verify the relation 

[f)^,m^] Cm^ 

hence, given v G m*^, there is an induced map ad(i;)|(,c : f)^ — m*^. Applying this to a 
G-Higgs bundle {Ehc, ip), we obtain the following complex of sheaves on the curve X: 

C'a{EHC,^) : 0{Enc{\)'')) ^ 0{Ej,c{xrf)^K). 
Proposition 3.9. Let {Efjc,ip) be a G-Higgs bundle over X . 

(i) The infinitesimal deformation space of {Ej^c,ip) is isomorphic to the first hy- 
percohomology group M.^{Gq{Ejjc, ip)) of the complex of sheaves Gq{Ejjc, ip); 

(ii) There is a long exact sequence 

lf{G'GiEHC,ip)) ^ H\EHcii)'^)) H^Encim'^) (S) K) 
^Il\G-a{EHC,^)) ^ H\Ehc{1)^)) H^EHcim"^) ^ K) 
^lf{G-a{EHC,ip))^0 
where the maps if*(i?j/c(fi^)) — )■ H^{EHc{nf') K) are induced by ad{(p). 

Now, given a U* (2n)-Higgs bundle (W, Q, ip), the complex Gq{Ehc, ip) defined above, 
becomes the complex of sheaves 

G'{W, fi, if) : AlW S^W ® K 
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where Af^W denotes the bundle of endomorphisms of W which are skew- symmetric with 
respect to fl, and where a.d{ip) = [ip, —] is given by the Lie bracket. 

Proposition 13.91 apphed to the case of U*(2n)-Higgs bundles, yields the following. 
Proposition 3.10. Let {W,ri,Lp) be a \J*{2n)-Higgs bundle over X . 

(i) The infinitesimal deformation space of {W, fl, if) is isomorphic to the first hyper- 
cohomology group M^[C'{W, fl, ip)) of C*{W, Q, (p). In particular, if {W, fi, (p) 
represents a smooth point of Aid, then 

T(^wMM-m\C*{W,Q,^)). 

(ii) There is an exact sequence 

^ lf{C'{W, Q, ^)) H^{AlW) H\S^W ^K) 
^Il\C'{W,n,^))^H\AlW)^H\SlW^K) 

where the maps H^{A'^W) — H^{S^W ^ K) are induced by ad(v9) = [ip, —]. 

The definition of simple G-Higgs bundle is given in [10] as follows. 

Definition 3.11. A G-Higgs bundle {E^c,ip>) is simple if Ant{Ejjc,ip) = ker(i) fl 
Z{H'^), where Z{H'^) is the center of H'^ and t is the isotropy representation Ii2.1\) . 

Contrary to the case of vector bundles, stability of a G-Higgs bundle does not imply 
that it is simple. 



From Proposition 13. 9[ one has that 

dimm\C-aiEHC,ip)) = xiEncixn'') ^ K) - + 

+ dimlf{C'a{EHC,ip)) + dimlf{C'a{EHC,ip)) 
where x = dimiJ° — dimH^ denotes the Euler characteristic. The summand 

x{EHc{m'')0K) + x{EHcm) 

only depends on the topological class c of Ejjc, which is fixed when we consider A^g(c). 
In order for a polystable G-Higgs bundle {Ejjc, ip) represent a smooth point of the mod- 
uli space Aic, dimEI°(G^(£'j|/c, v?)) and dimM.'^{CQ{Ejjc,(p)) must have the minimum 
possible value. Indeed, we have the following Proposition 13.121 (cf. [ID]), which gives 
sufficient conditions for a G-Higgs bundle {Ejjc,(p) represent a smooth point of Mo- 
lt uses the construction of a G'^-Higgs bundle from a G-Higgs bundle, which we now 
briefly explain. 

Suppose that G is a real form of C^. The adjoint representation 

Ad^c : G^ ^ Aut(g^) 
of G^ on its Lie algebra restricts to H'^ C G*^ and the restriction splits as sum 
(3.12) Adcc \hc = Adnc ®l 

where Ad^c : H'^ — )■ Aut(f)'^) is the adjoint representation of H'^ on f)*^ and t : H'^ — )■ 
Aut(m'^) is the isotropy representation (12.11) . From a G-Higgs bundle {Ejjc,(p), we 
obtain a G^-Higgs bundle as follows. Take Eqc to be the holomorphic G'^'-principal 
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bundle obtained from Ej^c by extending the structure group through the inclusion 
H"^ G"^. From this construction of Eqc and from fl3.12p . we have the spliting 

So, define ip' G H^{Eqc x^c g"-' ® K) by considering the above spliting, taking ip e 
H^{Ejjc Xjjcnf' ^ K) and taking the zero section of i^j^^c Xj^^c f)"^. We say that {Eqc^^p') 
is the G'^-Higgs bundle associated to the G-Higgs bundle {Ejjc,(f). Also, when we say 
that we view the G-Higgs bundle {Efjc, (p) as a G'^-Higgs bundle, it is this construction 
that we are referring to (see also [5]). 

Now we can state the result. 

Proposition 3.12. Let {Ejjc,(f) be a polystable G-Higgs bundle which is stable, simple 
and such that 'H.'^{Cq{Ejjc, if)) = 0. Then it corresponds to a smooth point of the moduli 
space A4g{c)- -^^ particular, if {EjfC, if) is a simple G-Higgs bundle which is stable as a 
G'^-Higgs bundle, then it is a smooth point in the moduli space. 

Let (EffCjip) represent a smooth point of A4g{c)- The expected dimension of Aide) 
is given by 

(3.13) x(^//c(m'") ®K)- xiEH^h"")) + dim Aut(E^c, if). 

The actual dimension of the moduli space (if non-empty) can be strictly smaller than 
the expected dimension. This phenomenon occurs for example in A^u(p,g)5 as explained 
in [Xj, where there is a component of dimension strictly smaller than the expected one. 
In fact, in that component there are no stable objects. 

3.3. Stable and non-simple U*(2?2)-Higgs bundles. Our goal in this section is to 
give an explicit description of U* (2?2)-Higgs bundles which are stable but not simple. 

As an example of the above construction of a G^^-Higgs bundle associated to a G-Higgs 
bundle, and which will be important below, consider a U*(2n)-Higgs bundle (W,fl,ip). 
Then, the corresponding GL(2n, C)-Higgs bundle is simply (W,if>). So we forget the 
symplectic form on the vector bundle W. 

Proposition 3.13. Let {W,Q,ip) be a \J*{2n)-Higgs bundle and {W,ip) be the corre- 
sponding GL(2n, C)-Higgs bundle. Then {W, Q, if) is semistable if and only if {W, if) is 
semistable. 

Proof. If (W, If) is semistable, then it is obvious, taking into account Propositions 13.21 
and 13.61 that {W,fl,ip) is semistable. 

Suppose then that {W, Q, if) is semistable. Let W CW he a. (/^-invariant subbundle of 
W. Since W'-^^ is the subbundle of W defined as the kernel of the projection W — )■ W* 
given by f Q{v, —), and since deg(W) = 0, we have 

(3.14) deg(I^'^") = deg{W'). 

The fact that ip is symmetric with respect to fl, i.e. (12.21) holds, implies that W'-^" is 
also yj- invariant. 

Consider the exact sequence 

(3.15) — > N ®W'^'' ^ M 
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where and M are the saturations of the sheaves VT'nW^'-'"" and W +W'-^^ respectively. 
We have that M = N-^^, so 

— > M — >W — > N* — >0 

and thus deg(M) = deg(A^). It follows from (13141) and (IXTSD that deg(W) = deg{N). 
But, N is clearly y9-invariant and also isotropic, so from the semistability of {W,Q,(p), 
deg(A^) ^ i.e. deg{W') ^ 0. Hence, from Proposition 13. 2[ {W,!f) is semistable. □ 

Proposition 3.14. Let {W,Q,(f) be al]*{2n)-Higgs bundle. Then {W,Q,ip) is stable if 
and only if 

where (Wi, Qi, ipi) are U* (Tk(Wi))-Higgs bundles such that the GL(rk(M/j), C)-Higgs bun- 
dles {Wi, ifi) are stable and nonis amorphic. 

Proof. Suppose that (W, fl, ip) is stable. From Proposition 13.131 follows that (W, ip) is 
semistable. If it is stable, then there is nothing to prove. So, assume that (W, ip) is 
strictly semistable, and let W C W he a. (y9-invariant subbundle of W of degree 0. The 
stability of (W, Q, ip) says that W is not isotropic. As in the proof of the previous 
proposition, consider the exact sequence 

(3.16) — yN^W'®W'^'' — yM — ^ 0, 

where and M are the saturations of the sheaves ly' niy-*"" and VT' +1^'-*"" respectively. 
From the sequence 

VT'^" — >W — >W'* — ^ 
we have deg{W'^'') = deg{W') = so, from fIXTBD . 

deg(Ar) + deg(M) = 0. 

Recall again that, since W is invariant, then W'-^^ is also (y9-invariant, so N G W 
is (/^-invariant as well and, since it is isotropic, we must have deg(A^) < 0, if A^ 7^ 0. 
But, if this occurs, we have deg(M) > contradicting (since M is (/^-invariant) the 
semistability of {W, ip). We must therefore have A^ = 0, hence 

{W,^) = {W\^\w') ® (PF'^",<^|v^,^o). 

Now, W ^ W'^^. In fact, if W ^ W'^^ then the inclusion W' G W ®W' = W 
given by w I— )• (w, y/^^w) gives rise to a degree isotropic, yj-invariant subbundle of 
W contradicting the stability of (W, ip). Finally, notice that we must have 

with respect to the decomposition W = W ® W'^^, where ui : W W* and U2 : 
W'-^'-' — )■ [W'-^^)* are skew-symmetric isomorphisms. The symplectic form Q therefore 
splits into a sum of symplectic forms f2i © ^2, and we have a splitting 

{w, n, if) = {W, fii, if,) © {W^^, ^2, ^2). 

Now, if (W',ipi) is stable as a GL(rk(iy), C)-Higgs bundle and if the same happens 
to (Vr'^",^2), then we are done. If not, then we repeat the argument and, by induction 
on the rank of W, we see that {W, Q, ip) has the desired form. 



14 O. GARCIA-PRADA AND A. G. OLIVEIRA 

To prove the converse, suppose that 

as stated and let W C W he a y9-invariant subbundle of degree 0. Since each {Wi, ipi) 
is a stable GL(rk(iyj), C)-Higgs bundle, then the projection W — )■ Wi must be either 
zero or surjective. Thus, {W, iflw') is a direct sum of some of the (Wi, ipi), so W' is not 
isotropic and therefore (W, Q, ip) is stable. □ 

Applying Definition 13. Ill to the case G = \J*{2n), we have: 

Lemma 3.15. A \]*{2n)-Higgs bundle (VF, f2, ip) is simple if and only if Aut(W, fl, ip) = 
Z/2. 

Corollary 3.16. Let (W,Q,ip) be a stable W{2n)-Higgs bundle. Then {W,VL,ip) is 
simple if and only if the GL(2n, C)-Higgs bundle [W, ip) is stable. 

Proof. Since {W,Q,ip) is stable, we have, from Proposition 13.141 

r 

(3.17) {W,Q,<p) = ^{W,,Q,,<p,), 

i=l 

SO 

r 

{W,v) = ^{W,,ip,) 

i=l 

where (Wi, (pi) are stable Higgs bundles. Since stable Higgs bundles are simple (cf. [T7] ) 
then Aut(PFi, (pi) = C*. This means that, for each i, Aut(Wi, Qi, ipi) = Z/2, because the 
automorphisms must preserve the symplectic form Qi. From (13.171) . we have therefore 

Ant{W,n,ip) = {z/2y. 

It follows that (W, Q, ip) is simple if and only if r = 1 i.e. (W, ip) is a stable Higgs 
bundle. □ 

Now the description of stable and non-simple U*(2n)-Higgs bundles is immediately 
obtained. 

Proposition 3.17. A U*{2n)-Higgs bundle is stable and non-simple if and only if it 
decomposes as a direct sum of stable and simple U*{2n) -Higgs bundles. In other words, 
a U*{2n) -Higgs bundle {W,Q,ip) is stable and non-simple if and only if 

r 

{W,Q,ip) = ^{Wi,Q„ip,) 

i=l 

where {Wi,Qi,ipi) are stable and simple l]*{Tk{Wi))- Higgs bundles and r > 1. 

The following result will be important below. It is straightforward from Proposition 
\'S.12\ from the fact that the complexification of \J*{2n) is GL(2n, C) and from Corollary 

Km 

Let A^u*(2n) denote the moduli space of polystable U*(2n)-Higgs bundles. 

Proposition 3.18. A stable and simple U*{2n)-Higgs bundle corresponds to a smooth 
point of the moduli space A^u*(2n)- 
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So, from [27|, at a point of A^u*(2n) represented by a stable and simple object, there 
exists a local universal family, hence the dimension of the component of A4u*(2n) con- 
taining that point is the expected dimension given by f l3.13l) . which, for G = U*(2n) is 
easily seen to be equal to 

4n\g-l). 

3.4. Polystable U*(2r2)-Higgs bundles. Now we look at polystable U* (2n)-Higgs 
bundles. First notice that we can realize GL(n, C) as a subgroup of U*(2n), using 
the injection 

'a 0^ 

,0 A, 

When restricted to the unitary group U{n) C GL{n, C) we obtain the injection 



A ^ 



A^ 



A 

,0 {A'y 



Theorem 3.19. Let {W, Q, if) be a polystable U*{2n)-Higgs bundle. There is a decompo- 
sition of (W,fl,(p) as a sum of stable Gi-Higgs bundles, where Gi is one of the following 
subgroups o/U*(2n).- U*(2nj), GL(nj,C), Sp(2nj) or U(nj) (ui ^ n). 

Proof. Since {W, Q, (f) is polystable, we know, from Proposition 13. 4[ that for every 
filtration 

W = {0 = WogWiCW2g--- <^Wk = W) 
such that Wk-j = W^", and any 

A G {(Ai, A2, . . . , Afc) G M'' I Ai < Ai+i and Xk-i+i = -Xi for any i}, 
such that if G if°(A^(VV, A)) and d{W, A) = 0, there is an isomorphism 

(3.18) W c:^Wi®W2/W,®---®Wk/Wk-i 
such that 

(3.19) n{Wi/Wi.i, Wj/Wj.i) = 0, unless i + j = k + l 
and that, via this isomorphism. 



<^ G ( End{Wi/Wi.i) ® K 



(3.20) 



Now we analyze the possible cases. Conditions (13.191) and (13.201) tell us that, with 
respect to decomposition fl3.18p . we have 



(3.21) 



UJ 












... 

^2 

V^i 





/ 
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where uji : Wi/Wi-i — )■ {Wk+i^i/Wk-i)* is the isomorphism induced by f2, and that 

v{W,/Wi.i) C W,/W,.i (g) K, 
for alH = 1, . . . , /c, so we write 

Hence, Hi from fl3.19p . the symplectic form Q does not restricts to a symplectic 

form on Wi/Wi-i, and we deduce that 

is a GL(rk(PVi/PVj_i), C)-Higgs bundle, being a U(rk(iyj/PVj„i))-Higgs bundle if and 
only if ifi = 0. 

On the other hand, the symplectic form Q restricts to a symplectic form Qk+\ on 

2 

Wk+1 /Wk-1 , and we deduce that 

2 2 

(Wk+i/Wk^, f2 fc+1, 09 fc+1 ) 

2 2 2 2 

is a U*(rk(iyfc+i /H^fc-i ))-Higgs bundle, being a Sp(rk(iyfc+i /iyfc-i))-Higgs bundle if and 
only if Lfk+i = 0. Of course, this case can only occur if k is odd. 

Each summand in this decomposition is also polystable (one way of seeing this is 
by using the Hitchin-Kobayashi correspondence between polystable G-Higgs bundles 
and solutions to the Hitchin equations; cf. [ID])- Hence, for each summand which 
is a Sp(2r;,j)- or GL(?T,j, C)- or U(r;,j)-Higgs bundle we know that we can continue the 
process for these groups, until we obtain a decomposition where all summands are 
stable Sp(2nj)- or GL(?7,i, C)- or U(ni)-Higgs bundles: for U(ni)-Higgs bundles (i.e. 
holomorphic vector bundles) this is proved in |28]; the proof for the case of GL(?7,,C)- 
Higgs bundles can be found in [22] and for Sp(2n)-Higgs bundles (i.e. symplectic vector 
bundles) this is proved in [TD] (see also [22] )• On the other hand, for U*(2nj)-Higgs 
bundle we simply iterate the above process. Finally we obtain a decomposition where 
all summands are stable Gj-Higgs bundles. □ 

4. The Hitchin proper functional and the minima subvarieties 

Here we use the method introduced by Hitchin in [T7| to study the topology of moduh 
space Aic of G-Higgs bundles. 

Define 

/ : Mg{c) R 

by 

(4.1) f{EHC,v) = Mh= [ l^pdvoL 

Jx 

This function / is usually called the Hitchin functional. 

Here we are using the harmonic metric (cf. [ZIIH]) on Ejfc to define ||v?||l2- So we are 
using the identification between Aiaic) with the space of gauge-equivalent solutions to 
Hitchin's equations. We opt to work with A^g(c), because in this case we have more 
algebraic tools at our disposal. We shall make use of the tangent space of Aicic), and 
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we know from \j7\ that the above identification induces a diffeomorphism between the 
corresponding tangent spaces. 

Hitchin proved in [T71 [18] that the function / is proper and therefore it attains a 
minimum on each closed subspace of A^g = Uc -^g(c)- Moreover, we have the following 
result from general topology. 

Proposition 4.1. Let Ai' C M.q be a closed subspace and let J^' C Ai' be the subspace 
of local minima of f on Ai' . If N' is connected then so is Ai' ■ 

In our case, the Hitchin functional 

/ : A^U*(2n) > 

is given by 

(4.2) f{W, fi, ^) = ll^lli. = ^ / tr(^ A v^*)dvol. 

Recall from Proposition 13. 181 which guarantees that a stable and simple U*(2n)-Higgs 
bundle represents a smooth point on A^u*(2n)- 

Away from the singular locus of A^u*(2n)! the Hitchin functional / is a moment map 
for the Hamiltonian S'^-action on A^u*(2n) given by 

(4.3) (r,¥.)^(\/,ev^V)- 

From this it follows immediately that a smooth point of A^u*(2n) is a critical point of / 
if and only if is a fixed point of the S^-action. Let us then study the fixed point set of 
the given action (this is analogous to [18] and |2]). 

Let {W, v?) represent a stable and simple (hence smooth) fixed point. Then either 
(/? = or (since the action is on A^u*(2n)) there is a one-parameter family of gauge 
transformations g{6) such that g{6) ■ {W, Vt, if) = {W, Q, e^^^ip). 

In the latter case, let 

(4.4) ^ = ^^^^)l^=o 

be the infinitesimal gauge transformation generating this family. {W, Q, if) is then what 
is called a complex variation of Hodge structure or a Hodge bundle (cf. [T71 dHl I5U]). 
This means that 

where the F^-'s are the eigenbundles of the infinitesimal gauge transformation ip: over 

(4.5) V = e C, 
and where ipj = ip\p. is a map 

(4.6) ipj : Fj Fj+i ® K. 

Since g{6) is an automorphism of {W,Q), it follows from (14. 4p that ip is skew- 
symmetric with respect to Q. Thus, using (14. 5 p we have that, if Vj G Fj and Vi G Fi, 
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Then Fj and Fi are therefore orthogonal under Vt unless i + j = 0, and therefore 
uj : W ^ W* yields an isomorphism 

(4.7) = : F, ^ Fl^. 
This means that 

(4.8) = © ■ ■ ■ © 
for some m ^ 1/2 integer or half- integer. 

Using these isomorphisms and (12. 2p . we see that 

(V5*-j-i ® li^)Wj = (Wj+l ® lK)<Pj 

for j G {—m, . . . , m}. 

The Cartan decomposition of g"-" induces a decomposition of vector bundles 

Ej,c(0^) = E^,c(f)^)©E^,c(m^) 

where Ejjc{g^) (resp. i?j:^c(()''-')) is the adjoint bundle, associated to the adjoint repre- 
sentation of on 0*^ (resp. l)*^). For the group U*(2n), we have Efjc{Q^) = End(Vr) 
and we already know that EHc{i)'^) = Af^W and EHc{v:f-) = SqW. The involution in 
End(W^) defining the above decomposition is 6 : End(l^) — )■ End(l^) defined by 

(4.9) e{A) = -{uAu^y. 

Its +l-eigenbundle is Aj^W and its — 1-eigenbundle is SqW. 
We also have a decomposition of this vector bundle as 

2m 

(4.10) End(l^)= Uk 

k=—2m 

where 

i-j=k 

From (14. 5p . this is the A/^A;-eigenbundle for the adjoint action ad{ip) : End(Vr) — 
End(iy) of ip. We say that Uk is the subspace of End(iy) with weight k. 

Write 

=Hom(F,-,Fi). 

The restriction of the involution 6, defined in (14.91) . to Uij gives an isomorphism 

(4.11) e : f/,,, ^ f/_,-_, 
so 6 restricts to 

Write 

U+ = AlW and U' = S^W 
so that EHc{i)'^) = U+ and Fj/c(m^) = U' . Let also 

t/+ = f/fc n t/+ 

and 
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SO that Uk = © f/^ is the corresponding eigenbundle decomposition. Hence 

k 

and 

k 

Observe that (p G H^iU{ ® K). 

The map ad{Lp) = — ] interchanges with U~ and therefore maps to Uf[_^^0K. 
So, for each k, we have a weight k subcomplex of the complex C'(W,Q,ip) defined in 
Proposition I3.10t 

(4.12) C:{W, : f/+ ^ U,^, ® K. 

From Propositions 13.101 and [XT5| if a U*(2n)-Higgs bundle {W,Vt,Lp) is stable and 
simple, its infinitesimal deformation space is 

m\c\w, n, if)) = M\ciiw, n, ^p)). 

k 

We say that M^C'^iW, Q, (f)) is the subspace of m\C'{W, Q, (p)) with weight k. 

By Hitchin's computations in [18] (see also [T2j), we have the following result which 
gives us a way to compute the eigenvalues of the Hessian of the Hitchin functional / at 
a smooth critical point. 

Proposition 4.2. Let {W,Q,ip) be a smooth l]*{2n)-Higgs bundle which represents a 
critical point of the Hitchin function f . The eigenspace of the Hessian of f corresponding 
to the eigenvalue k is 

M\c'_,{w,n,^)). 

In particular, {W,Q,(p) is a local minimum of f if and only ifEp-(C'{W,Q,ip)) has no 
subspaces with positive weight. 

For each k, consider the complex (14.121) and let 

xiciiw, n, ^)) = dimHO(c,-(iy, n, <^)) - dimii\ci{w, n, ^)) + dim (c,-(iy, n, <^)). 

Lemma 4.3. Let {W,Q,(f) be a stable U*{2n)-Higgs bundle which corresponds to a 
critical point of f . Then x{Cl{W,n,<f)) ^ (^- l)(2rk(ad((/?)|f;+) -rk(f/+) -rk(t/fc-^J). 

Furthermore, x{Cl(W,fl,ip)) = if and only if a.d{(p)\^+ : t/^ — )■ Uf^_^_^ ^ K is an 
isomorphism. 

Proof. This is essentially Lemma 3.11 of [4J (see also Proposition 4.4 of [IJ). The proof 
in those papers is for GL(n, C) and U(p, g)-Higgs bundles, but the argument works in 
the general setting of G-Higgs bundles (see Remark 4.16 of [Ij): the key facts are that 
for a stable G-Higgs bundle, {EHC,ip), the Higgs vector bundle {Ejjc x^d 0'^,ad(v9)) 
is semistable, and that there is a natural ad- invariant isomorphism E^^c XAd fl''' — 
{Efjc XAd 0*^)* given by an invariant pairing on (e.g. the Killing form). So we will 
only give a sketch of the proof here. 
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In the following we shall use the abbreviated notations C* = C*(W, fl, f) and 

V>t = ad(</^)|f;± : U+ U,^, ® K. 

By the Riemann-Roch theorem we have 

(4.13) xiC:) = (1-9) (rk(f/+) + rk(f/,-^J) + deg(f/+) - deg(f/,-^ J, 

thus we can prove the inequality stated in the lemma by estimating the difference 
deg(?7^)— deg(f/^). In order to do this, we note first that there are short exact sequences 
of sheaves 

^ ker(^+) ^ f/+ ^ im(^+) ^ 

and 

^ im((^+) ^ f/^-^i ® K -> coker(v?+) ^ 0. 

It follows that 

(4.14) deg(t/+) - deg(t/-^ J = deg(ker(^+)) + i2g - 2) rk(f/-^ J - deg(coker(¥,+)). 

The following inequalities are proved in the proof of Lemma 3.11 in [1]: 

(4.15) deg(ker(v9+)) < 0, 

(4.16) -deg(coker(v9+)) < (2^? - 2) (- rk(f/,:_,J + rk(^+)). 

Combining 04.151) and 04.161) with 04.141) we obtain 

deg(f/+) - deg(f/,-_,,) ^ i2g - 2) rk(^+), 

which, together with 04.131) . proves the inequality stated in the lemma. 

Finally, if x(Q) = then 

rk(¥,+) = rk(f/+) = rk([/,-_,, ® K) 

hence deg(ker((y9^)) = 0. Moreover, it is shown again in the proof of Lemma 3.11 [4j 
that deg(coker(v9^)) = 0. Thus, from (HUD, 

deg([/+)=deg(f/,--+i®ir), 

showing that y?^ is an isomorphism. □ 

The following result is fundamental for the description of the stable and simple local 
minima of /. 

Theorem 4.4. Let {W,Q,(f) G A^u*(2n) be a stable and simple critical point of the 
Hitchin functional f . Then {W, Q, (f) is a local minimum if and only if either (p = or 

is an isomorphism for all k 1. 

Proof. Suppose and that a.d{ip)\rj+ is an isomorphism for every A; ^ 1. Then, 

_____ ^ k 

Lemma 14.31 says that this is equivalent to 

dimlf{Cl{W,n,ip)) = dimlf{Cl{W,n,ip)) + dimlf{Cl{W,n,ip)) 

for all k ^ 1. Now, since {W,Q,(f) is stable and simple, then it is stable as a 
GL(2n, C)-Higgs bundle, by Corollary I3.16[ Furthermore, U*(2n) is semisimple, so 
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from Proposition 3.17 of [lO] follows that If{C'{W,n,ip)) = m\C'{W,n,^)) = 0, so 
]BP{C'k{W,Q,ip)) = m'^{C^{W,Q,^)) = for every k ^ 1. Then m\C'k{W,Q,<f)) = 
for every k ^ 1 and the result follows from Proposition 14.21 

The converse statement is now immediate. □ 

Using this, one can describe the smooth local minima of the Hitchin functional /. 

Proposition 4.5. Let the U*(2n)-Higgs bundle {W,Q,!f) be a critical point of the 
Hitchin functional f such that {W,Q,(p) is stable and simple (hence smooth). Then 
{W, Q, (fi) represents a local minimum if and only if (f = 0. 

Proof. Suppose that {W, Q, ip) is a critical point of / with 7^ 0. Hence, as explained 
above, we have the decompositions (14. Sp and (I4.10p of W and of End(Vr) respectively. 

Consider 

We have that U:^^^^ 0/^ = 0, but U:^^ ^ 0. Indeed, if U^^ = 0, then 
i.e. given any g : — ?■ F^, we would have g G S^W, thus 

^mg = g^^-m = -{^mgf 

where uj±rn are the isomorphisms defined in fl4.7p . In other words, uj^g G -f^°(A^F*^), 
for any g. But Um is an isomorphism, so any map F^ra F*^ is of the form Umg, 
for some g. This shows that if°(Hom(F_^, = H^{k^Fl^) which is clearly not 

possible. 

So, 7^ 0, therefore a.d{ip)\jj+ is not an isomorphism and by the previous theorem, 
(W, fi, ip) is not a local minimum of the Hitchin functional. □ 

In [T8j , Hitchin observed that the Hitchin functional is additive with respect to direct 
sum of Higgs bundles. In our case this means that fij, v^i)) = ^ /(^, ^i, ^i)- 

Proposition 4.6. A stable l]*(2n) -Higgs bundle {W,Q,(f) represents a local minimum 
of f if and only if (f = 0. 

Proof. If {W, Q, if) is simple, then this is true from Proposition 14. 5[ So, assume that the 
local minimum {W, Q, ip) of / is stable and non-simple. Then, from Proposition 13. 17^ 
we know that {W, f2, ip) decomposes as a direct sum of stable and simple U*(2ni)- Higgs 
bundles on the corresponding lower rank moduli spaces. Moreover, using the additivity 
of /, we know that these are also local minima of /. So, in those moduli spaces we can 
apply Proposition 14. 5[ and the additivity of / implies that the result follows. □ 

Now we can give the description of the subvariety of local minima of the Hitchin 
functional /. 

Theorem 4.7. A polystable \]*{2n)-Higgs bundle {W^VL^ip) represents a local minimum 
if and only if ip = 0. 
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Proof. From Theorem 13.191 we know that a polystable minima of / decomposes as 
a direct sum of stable Gj-Higgs bundles where = U*(2nj), Sp(2nj), GL(nj,C) or 
U(nj). Now, for the groups Sp(nj) or U(nj) it is clear that the local minima of / on the 
corresponding lower rank moduli spaces must have zero Higgs field (these groups are 
compact). For GL(?T,j, C) it is well-known (cf. [17]) that stable local minima of / on the 
corresponding lower rank moduli space must also have ipi = 0. For stable U*(2ni)-Higgs 
bundle, we can apply Proposition 14.61 to draw the same conclusion, and the result is 
proved. □ 

5. Connected components of the space of U*(2n)-HiGGS bundles 

From Theorem 14.71 we conclude that the subvariety A/u*(2n) of local minima of the 
Hitchin functional / : A^u*(2n) — >■ M is the moduli space of Sp(2n, C)-principal bundles 
or, in the language of Higgs bundles, is the moduli space of Sp(2n)-Higgs bundles: 

A/'u*(2n) — -^Sp(2n)- 

Ramanathan has shown [25| 126] that if G is a connected reductive group then there 
is a bijective correspondence between ttq of the moduh space of G-principal bundles 
and TfiG. Hence, since Sp(2?T,) is simply-connected, it follows that A4sp(2n) is connected 
and, therefore, the same is true for M\j*(2n)- So, using Proposition 14. 1^ we can state our 
result. 

Theorem 5.1. Let X be a compact Riemann surface of genus g ^ 2 and let A^u*(2n) 
be the moduli space of l]*{2n)- Higgs bundles. T/ien A^u* (2™) is connected. 
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